This paper presents a deterministic model for pneumonia transmission and uses the model to assess the potential impact of the vaccination, treatment and efficacy of vaccination drugs in lowering the public health impact of the pneumonia disease. The model is based on the Susceptible-Vaccinated-InfectedTreated compartmental classes of children less than five years. There is possibility of the non-severely infected recovering from natural immunity. Model analysis indicates the system lie in the positive region, solution is bounded and there exist unique positive endemic equilibrium point whenever control reproduction number is greater than unity. Important epidemiological thresholds such as the basic and control reproduction number are determined. Disease-free point equilibrium points are determined. Local and Global stability of equilibrium points will be investigated. Sensitivity analysis of the reproduction numbers indicated higher vaccination drug efficacy vaccination, treatment and recoveries from natural immunity hold great promise in lowering pneumonia impact. Estimated numerical result indicated impact of treatment is positive. Numerical simulation was carried to predict the dynamics of the system.
The research study [2] considered the bacterial pneumonia with the possibility of temporal immunity, carriers, and treatment. The results stressed importance of treatment and quarantine where possible.
The research studies by [9, 10, 11] considered the vaccination and treatment of severe and non-severely infected pneumonia in Kenya. The results stressed importance of attaining herd immunity and achieving critical treatments to eradicate childhood pneumonia. This paper considers specific attributes in developing countries like as no isolations are done in hospitals and possibility of absence of studies have been carried to determine the types of pneumonia which exist in the population. A general model of pneumonia dynamics is developed which takes in account pneumonia immunization effort in the developing countries, treatment and possibility of recovery from natural immunity. This raises important question: based on intervention of vaccination, treatment and recovery from natural immunity, what would be the control reproduction number of childhood pneumonia?
Model Formulation
The population is divided in subclasses depending on status of infection and infection characteristics. This model is an improvement of the classical Susceptible-Infected-Susceptible (SIS) model of the population dynamics of infectious disease.
Model assumptions
This model assumes:

Homogeneous mixing of the population.  The type or types of the pneumonia in the population has not been established.  No isolation of pneumonia in health facilities.  The study assumes that the treated individuals transmit pneumonia but at lower rates than infected class(b > b ). Treatment reduces the level of infectivity.  It is also assumed pneumonia induced death is higher in infected class than in treated class(δ > δ ).
Treatment reduces likelihood of dying significantly.  Although children under the age of five years can contract pneumonia from individuals outside their age bracket (vertical transmission), this study assume their contribution to the force of infection to be not significant.  Pneumonia infection is assumed to be probably transmitted when less than five years susceptible children come into contact with under five years infected with pneumonia and/or those under five years under treatment that is λ = β I + β T.
Model description
Let N (t) be the total population of the under five years children which is divided into four sub-classes: Susceptible to pneumonia class S(t), the under five years vaccinated with Pneumonia class V(t), the under five years infected with Pneumonia class I(t)) and the under five years treated with pneumonia class T(t).
The rate at which infected children seek treatment is given by . The rate at which treated children recover after treatment is γ. The constant natural death rate is given by μ. The recruitment rate (birth rate) is given by π. The rate at which infected children recover from natural immunity to susceptible and vaccinated classes are  and  respectively. Death due to pneumonia occurs at the rates of δ and δ in infected and treated respectfully. The rate at which children under five progress to the next age class per year is given by q. The vaccination drug efficacy is given by  (when  = 1, the drug is very effective and  = 0, the drug is useless). The infection rates due to pneumonia in infected and treated classes are given by individuals who become infected per unit of time
Model equations
The above model description can be represented diagrammatically as shown in From the above flow chart, we obtain the following systems of equations
We obtain the total time derivative of the total population by adding system of the equations obtain, 1-24, 2018; Article no. infected and treated classes are given by β and β respectively. λ (t), is the force of infection (number of individuals who become infected per unit of time),
The above model description can be represented diagrammatically as shown in e obtain the following systems of equations
We obtain the total time derivative of the total population by adding system of the equations 
Proof
Let S, V, I and T be any solution of the system with non-negative initial conditions.
is a non-negative function of t, thus S(t) stays positive.
From
V(0) e−q+μ+1−t≥ 0. It follows that I(t) >I(0) e−1t≥ 0. It also follows that T(t) >T(0) e−2t≥ 0.
For boundedness of solution we take the time derivative of our total population along its solution to obtain N(t) = π − (μ + q)N(t) − δ I(t) − δ T(t). Now,
Where C is a constant of integration
This proves the boundedness of the solutions inside R. This implies that all solutions of the System (1) -(5) starting in R remain in R for all time t ≥ 0. Thus R is positively invariant and attracting and hence it is sufficient to consider the dynamics of our system in R [8, 12] .
Equilibrium points and reproduction number

Disease-free equilibrium point (DFE)
Let E = (S , V , I and T ) be the disease-free point. Then E of the system (1) - (5), is obtained by setting all the infectious classes and treatment classes to zero. We get π − (q + μ)S = 0 which yields
The DFE point for our system is given by,
The basic reproduction number R o and control reproduction number R C .
We use the next-generation matrix method to determine the basic reproduction number, R 0 , and control reproduction number(R ) of the model (2) . Using the notation ƒ for a matrix of new infections terms and Ö for the matrix of the remaining transfer terms in our system, we get,
We obtain the matrices F and V by finding the Jacobian matrices of ƒ and Öevaluated at DFE as follows
Now we compute the inverse of matrix V to obtain
Using Mathematica software we obtain the eigenvalues(h ) of the matrix FV as,
The control reproduction number (R )is given by the spectral radius ζ (the dominant eigenvalue) of the matrix FV −1 , denoted by ζ (FV −1 ). The eigenvalue h is the spectral radius.
The control reproduction number (R ) is the average number of secondary infections one infectious individual (either in infectious or treated class) can infect when combined interventions of treatment, recovery from natural immunity and immunization are in place is expressed as,
The other reproduction numbers are derived from the control reproduction number(R ) by varying various parameters as below;
i.
When there are no recoveries from natural immunity of the infected individuals to susceptible class, the corresponding reproduction is obtained by setting the parameter() to zero in the expression of R , to obtain,
When there are no recoveries from natural immunity of the infected individuals to vaccinated class, the corresponding reproduction number is obtained by setting the parameter() to zero in the expression of R , to obtain,
When there are no recoveries from natural immunity of the infected individuals to vaccinated class and susceptible class, the corresponding reproduction number is obtained by setting the parameters( , ) to zero in the expression of R , to obtain,
When there is no treatment infected individuals, the corresponding reproduction number is obtained by setting the parameter() to zero in the expression of R , to obtain,
When the vaccination drug efficacy is 100% efficient, the corresponding reproduction number is obtained by setting the parameter() to one in the expression of R , to obtain,
When the vaccination drug efficacy is ineffective(useless), the corresponding reproduction number is obtained by setting the parameter() to zero in the expression of R , to obtain,
In absence of any interventions(immunizations, recoveries from natural immunity and treatment), the corresponding basic reproduction number (R ) is obtained by setting the parameters (, ,  and, ) to zero in the expression of R , to obtain,
Existence of the Endemic equilibrium point (EEP) Theorem 2
A positive endemic equilibrium exist if and only if R > 1. Proof Let E * = (S * , V * , I * and T * ) be the disease free point. Then E * of the system (1) - (5), is obtained by setting all the classes to zero. We obtain the following systems of equations;
Also at EEP the force of infection λ * is given by
Solving the system of equation above (i) -(iv) in terms of λ * using Mathematica software we obtain;
Substituting I * (obtained in terms λ * ) in equation (vi) using Mathematica Software to obtain
Case 1 λ * = 0, this corresponds to disease free equilibrium point (DFE)
which corresponds to endemic equilibrium point (EEP) that is E * = (S * , V * , I * and T * ). 
The necessary and sufficient condition for positive endemic equilibrium point is
, Substituting S and V we obtain, 
Bifurcation analysis
The possible presence of two endemic equilibriums above indicates the possibility of bifurcation in the model. Our research study explored it using the Centre Manifold theory. To apply this theory, the following simplification and change of variables are made. Let S = x , V = x , I = x and T = x , so that N = x + x + x + x . Further, by using vector notation
, the model [(1) − (4)] can be written in the form = F(x), with F = (f , f , f , f ) , as follows:
with, λ = β * x + β x .
Evaluating the Jacobian of the system [(4.4.1) − (4.4.4)] at the disease-free equilibrium point(DFE), denoted by J(E * ), we obtain,
, Consider a case when R = 1. Let β = β * be bifurcation parameter. Solving for β from R = 1, we obtain,
Using Mathematica software, it follows that the Jacobian of = F(x) at the DFE, with β = β * , denoted by J(E * ), has eigenvalues {0, −(q + μ), −(q + μ) and −
The presence of a simple zero eigenvalue (with all other eigenvalues having negative real part), make it viable for the Centre Manifold theory can be used to analyze the dynamics of the model. 
Since v = v = 0, we only need to compute the partial derivatives of f , f (at the DFE). For the system, the associated non-zero partial derivative of f , f (at the DFE) is given by Hence, it follows (a < 0 > 0), when β * < 0 with |β * | ≪ 1, (0,0) is unstable, and there exists a negative and locally asymptotically stable equilibrium; when 0 < β * ≪ 1, (0,0) is stable and there exists a positive unstable equilibrium..
Local Stability of the DFE point Theorem 4.
The DFE of the system (1) -(4) is locally asymptotically stable if and only if R < 1.
Proof
To establish the local stability of E o , we use the Jacobian of the model evaluated at E o . Security of this steady state is then determined based on the eigenvalues of the corresponding Jacobian which are functions of the model parameters. 
From the system [(1) − (4)] we let
We obtain the eigenvalues q(i), where i = 1(1)4 of J(E ) using Mathematica software as,
Where,
Clearly, q(1) = q(2) < 0 (3) < 0. By inspection,
After algebraic evaluation the conditions necessary for q(4) < 0 is
This impliesR < 1 which completes the proof.
Global stability of the DFE point Theorem 5
The DFE is globally stable
Proof
To establish the global asymptotic stability of the disease-free equilibrium point, E 0 , the method by CastilloChavez is used. The system can [(1) − (4)] be rewritten as:
Here X = (S, V) represents the uninfected classes, while Z = (I, T) represents the infected and treated
, 0,0 , denotes the disease-free equilibrium point of system (1) above. To guarantee global asymptotic stability, conditions (H1) and (H2) below must be satisfied.
(H1) For = F(X, 0), X * is globally asymptotically stable (g. a. s), (H2) G(X, Z) = AZ − Ĝ(X, Z), Ĝ (X, Z) ≥ 0 for (X, Z) ∈ R , , where = D Z G(X * , 0) is an M matrix and R , , is the region where the model makes biological sense. In this case
Note that Ĝ(X, Z) = AZ − G(X, Z), this reduces to
Therefore, if Ĝ (X, Z) ≥ 0 then the DFE E is globally stable, otherwise it is unstable.
Note that, (1 − ) ≥ 0. The susceptible and vaccinated are bounded as, V ≤ V and S ≤ S Thus Ĝ (X, Z) and Ĝ (X, Z) are greater or equal to zero hence DFE, E is globally asymptotically stable.
Local Stability and global stability of the Endemic Equilibrium point (EEP).
For system (1) - (4), when, it has a unique positive EEP, E * = (S * , V * , I * , T * ) whenever R > 1.
Consider a case where the drug is 100% efficient i.e  = 1, the systems of equations reduces to
The EEP is globally asymptotically stable if R > 1.
Proof
We propose the following Lyapunov function to be negative definite, it must satisfies
The endemic equilibrium point (EEP) for our system E * = (S * , V * , I * , T * ) satisfies,
Substituting for π and (1 − )π at DFE to obtain,
The positive constants D , D and D are chosen such that coefficients of SI, TS, IV, TV and I are equal to zero
Solving the above equations, we obtain,
Substituting for the constants,
Complete algebraic analysis of the above Lyapunov function to determine conditions necessary for local and global stability of the endemic equilibrium point will part of future research.
Analytical Results of the Model and their Biological Interpretation
Local and global stability of the Disease Free Equilibrium (DFE) point and Endemic Equilibrium Point ( EEP).
When equilibrium point is locally stable, all the location near it tends to move towards it over time while equilibrium point is globally stable, all initial starting conditions lead to it over time.
The Equilibrium points and Thresholds
The control reproduction number R and basic reproduction number R are given by
The treatment threshold is determined when R C is equated to one a solving for  (critical treatment),
When actual treatment  is more significant than critical treatment  , it can ensure total eradication of pneumonia i.e  >  .
Also, treatment with sufficient coverage can succeed in eliminating infection when R c is below unity. Because R c measures the intensity of the epidemic, treatment, by lowering R c , can have significant public health impact even if it fails to eliminate infection in a specific population.
Following McLean and Blower, a measure of treatment impact based on the reproduction numbers can be defined as
Thus, the population-level impact of treatment is always positive provided. This condition is likely to be satisfied with treatment with effective drugs.
Vaccination is a voluntary process, and it is not possible to vaccinate all individuals in the population. The herd immunity threshold is determined by
Where is the critical vaccination threshold
When actual vaccination (I − )π is more celebrated than critical treatment QC it can ensure total eradication of pneumonia i.e (I − )π > q .
Sensitivity of effective control number
It is important to investigate the sensitivity of R to changes in the rate at which infected (I) seek treatment , with respect to vaccination drug efficacy , rate at which treated (T) recover after treatment γ and rate at which infected ( I) recover from natural immunity to susceptible and vaccinated classes ( and  respectively). Determining partial derivatives of R concerning; The i.
rate at which infected (I) seek treatment .
ii. The rate at which treated (T) recover after treatment γ.
iii. The rate at which infected (I) recover from natural immunity  to susceptible class.
The rate at which infected (I) recover from natural immunity  to vaccinated class.
v. With respect to vaccinated (V) drug efficacy .
Clearly R is directly proportional to  but inversely proportional to; , ,  and γ.
Estimated numerical results
We will obtain estimated numerical results of the reproduction numbers and determine sensitivity analysis using graphically.
5.1The estimated numerical values
The estimated reproduction numbers is determined by substituting the estimated parameters in the table below in the analytical expressions ( R , R , R , R , R , R and R ) as the proportion of the infectious population (infectious and treated), we obtain,
The parameters are summarized in the table below, 
Conclusion
Higher recovery rates after treatment ( γ) with drugs, with higher vaccination efficacy () and higher recovery rate from natural immunity (n and ), would decrease the control reproduction number and the intensity of pneumonia endemic. Table 1 . Description of parameters and terms
APPENDIX
Variables Description S(t)
The population of children less than five years of age susceptible to pneumonia. V(t)
The population of children less than five years of age vaccinated against pneumonia. I(t)
The population of children less than five years of age infected with pneumonia T(t)
The population of children less than five years of age treated with pneumonia. Parameters Description  Recruitment rate (birth) of susceptible individuals.   Natural constant death rate. β 1 The infection rates due to pneumonia in infected class. β 2 The infection rates due to pneumonia in treated class.

The rate at which infected children recover through natural immunity to susceptible class.

The rate at which infected children recover through natural immunity to vaccinated classes.
Rate at which severely infected individual die due to Pneumonia.  2 Rate at which severely treated individual die due to Pneumonia. q
The rate at which children under the age of five progress to the next age class per year. γ
The rate at which treated children recover after treatment.

The rate at which infected children seek treatment. 
